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Abstract. If G is a group and H is a subgroup of G, we write fla(H) for the lattice of over-
groups of H in G. It is an open question whether or not every finite lattice is isomorphic to 
some finite group interval lattice eJG(H), where G is finite. We prove that no DA-(m) , ... ,m,)-
lattice and few M-Iattices have the form (:a(H), where G is an alternating or symmetric group 
of prime degree. 
1 Introduction 
If G is a group and H is a subgroup of G, we write (!)c(H) for the lattice of over-
groups of H in G. If G is finite, such a lattice is called afinite group interval lattice. 
The following question has received a lot of attention during the last 25 years: 
Question. Is every finite lattice isomorphic to a finite group interval lattice? 
The following theorem proved by Palfy and Pudlak in [13] provides motivation 
from the study of congruence lattices of finite algebras. 
Theorem. The following are equivalent: 
(I) the Question has a positive answer; 
(2) every finite lattice is isomorphic to the congruence lattice of a finite algebra. 
For a discussion of congruence lattices of algebras, see [8J. 
There are results in the literature which reduce the Question for two classes of lat-
tices to the class of almost simple groups, together with some related questions for 
almost simple groups. We next describe these two cJasses of lattices. 
For n E IN, Jet M" denote the lattice of size n + 2 in which every element that is not 
the greatest or the smallest is maximal. Call such a lattice an M-Iattice. 
Now it is known that the set S of natural numbers n for which Mn is isomorphic to 
a finite group interval lattice is infinite, but it is conjectured that S is relatively small. 
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If this conjecture is true, then the class of M -lattices would provide a class of counter-
examples to the Question. In [3], a reduction is given to the almost simple case for 
M-Iattices, plus some related questions for almost simple groups. 
Let A be a finite lattice. Then A has a least element 0 and a greatest element 00. We 
denote the set A - {O, 00 } by A'. We say that A is connected if the graph (A', ~ or ~) 
is ~onn~cted. 
Let &(n) denote the lattice of subsets of an n-set. We say that a lattice A is 
a D,1:(ml, ... , m,)-lallice for t> I and mi > 2 if A has t connected components, 
AI,.'" A" and Ai ~ A(m;)' for all i. 
In [2], the Question for the class of DA(ml' ... , m,)-Iattices is reduced to the case 
of almost simple groups, plus the non-existence of the so<alled 'signalizer lattices' in 
almost simple groups, isomorphic to DA(ml, ... ,m,)-Iattices. 
The alternating and symmetric groups are almost simple, and are the obvious first 
test case for analyzing the Question. 
Let A be a finite lattice of size greater than 2. Then we say that A is an I-lattice 
if for every maximal element x E A', there is a maximal element YEA' such that 
x 1\ y = O. 
Note that disconnected lattices are I-lattices, so in particular M-Iattices and 
DA(ml, ... ,m/)-Iattices are I-lattices. Therefore, the class of I-lattices represents 
a convenient domain in which one can simultaneously analyze M-lattices and 
DA(ml, .. . , ml )-Iattices. 
The depth of a subgroup H of a finite group G is the length of the longest chain 
in (!JG(H). 
The following theorem and corollary were proved by Aschbacher in [2]. 
Theorem. Let of be the set of I-lallices A such that A ~ (!)G(H) for some alternat-
ing or symmetric group G of finite non-prime degree, and some primitive subgroup 
H of G. Then .f is small and can be enumerated. In particular, .f contains no 
DA(mI, ... ,m,)-laltice and only one M-lallice. 
Corollary. Let G be an alternating or symmetric group offinite non-prime degree, and 
H a primitive :-:ubgroup of G of depth 2. Then H is contained in at most two maximal 
subgroups of G. 
Thus to complete the picture, one must analyze lattices of the form (!jdH), where 
G is a symmetric or alternating group of prime degree. This is done in this paper; the 
main results are the following (see Theorems 6.8, 6.9, Lemma 7.12 and Theorem 
• 7.14): 
Theorem 1. The set of /-lallices that are isomorphic to (!js(H), where S is a symmetric 
group of prime degree and H ~ S, is small and can be enumerated. 
Theorem 2. Let Q be afinite set of prime order. Let G = Sym(Q) or Alt(Q). Thenfor 
H ~ G, ~!G(H) is not a DA(ml, ... ,ml)-lallice. 
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Theorem 3. For n E lN, the following are equivalent: 
(I) there exists a set Q of prime artier, a group G E {Sym(Q), AIt(Qn, and a subgroup 
H ~ G such that (!JG( H) ~ Mn; 
(2) nE {1,2,3,4,5, 7, II}. 
CoroUary 4. Let G be an alternating or symmetric group of prime degree, and M a 
subgroup ofG of depth 2 Then M is contained in exactly I, 2, 3, 4, 5, 7 or 11 maximal 
subgroups of G. 
Let 0 be a finite set, let I = 101, and let S = Sym(Q) and A = A1t(Q). This nota-
tion will be in force throughout the paper. 
2 Lattice-theoretic preliminaries 
Given two finite lattices Al and A2, write Al * A2 for the lattice A such that the paset 
A' is the disjoint union of the pasets A; and A~. Let AI denote the lattice obtained by 
adjoining a greatest element above AI. For n E lN, write Tn for the tower of size 
n + 2, and write S(n) for the overgroup lattice of the subgroup generated by an 
n-cyde in Sn. 
3 Partitions and the symmetric group 
Let G E {A, S}. Let //' be the lattice of all subgroups of S. For H ~ S acting on 
X£; 0, let H X be the subgroup ofSym(X) induced by H. 
Let ~ be the lattice of partitions of 0, where for P, Q E ::.1', we write P ~ Q if and 
only if each block of P is a union of blocks of Q. For ~ E :1/, let 
NG(L) = {g E G : gL = L} 
and 
CdL) = {g E G : gD = D for all blocks D of L}. 
Define the type of l: to be the sequence a~' , ... , a;", where al > ... > an and L has 
exactly k; blocks of size aj. 
For non-empty proper subsets Band C of 0, let NG(B) = {g E G: gB ;;:: B}, 
CG(B)={gEG:gh;;::bforallbEB}, 13=O-B, PB ={B,13}, and PB,C= 
PBV Pc. 
Lemma 3.1. Let L be a primitive subgroup of S. If L contains a transposition, then 
L = S, and if L contains a 3-cycle, then A ~ L. 
Proof See [6, Theorem 3.3A]. 0 
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Theorem 3.2. (1) A subgroup M of G is maximal in G ifand only ifexactly one of the 
following holds: 
(a) 	 M N c( B) for some non-empty B c:: Q such that IBI ::F 1/2; 
(b) M NGCE) for some regular!: E .0/" such that G = S or!: is not of type 24; 
(e). M is a maximal primitille subgroup of G; 
(2)" For all B c:: Q such thatlBI = 1/2, (!)G(NG(B)), {NG(Ps)}. 
Prooj If M is a maximal subgroup of G, then it follows from the definition of prim­
itivity that M is of type (a), (b) or (e). Conversely, if M ~ G is of type (a), (b) or (c), 
then the maximality of Min G essentially follows from Lemma 3.1. Thus (I) holds. 
Similarly, (2) follows easily from (1) and Lemma 3.1. 0 
l,emma 3.3. If L :s:; S is primitive and non-abelian, and L has one quasi-equivalence 
class offaithful transitive representations of degree I (i. e. Aut( L) is transitive on sub­
groups H of index I) then 
(I) 	Sis transitit1e on its transitive subgroups isomorphic to L, and 
(2) 	 Ns(L) is isomorphic to the normalizer in Aut(L) of HL via the conjugation repre­
sentation ofNs(L) on L. 
Proof. Note that (1) follows from the definition of quasi-equivalence and (2) follows 
from 16, Theorems 4.2A and 4.2B]. 0 
Suppose that Q F~. Then for a E GLJ(q) and f) E Q, define til. I' : Q ...... Q by 
P;.-.ap + v. Let AGLd(q) {ta.<' : a E GLJ(q), v E Q}. One may easily show that 
AGLJ(q) is a 2-transitive subgroup of S, called the affine group of degree dover F q • 
4 Intersections of set stabilizers 
We retain the notation of Section 3. In particular, G E {A, S}. Assume that I > 4. Let 
o ::F B, C c:: Q and suppose that B ¢: {C, C}. Let H He = NG(B) nNG(C). Let 
P = ps.c. Define Co : ~ ...... ,Y' by Q t-+ CG(Q). 
Lemma 4.1. H CG(P), 
Proof. The result comes from [II, Lemma 3.IJ, but the proof is easy. 0 
Lemma 4.2. (I) If PI, P2 E ~ satisfy PI :s:; P2, then CG(P2) :s:; CG(P I ) • 
•(2) Let !is = ;jJ and let !iA = {Q E ,,? : Q is not of type 2, \'-2}. Then CG is injective 
on flG and a dual map ofposets. 
Proof (1) Each block of PI is a union of blocks of P2, and so Ca(P2) :s:; Cc(Pd. 
(2) For Q E :iG, the orbits of CG(Q) on Q are the blocks of Q, so Co is injective 
on .!iGo D 
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Theorem 4.3. (I) IllPI = 4, then 
(a) (1G(H) is connected, and 
(b) if I is prime and G = S, then Cs(H) is not an I-lattice. 
(2) IfCc(H) == M n, then n = 3. 
(3) (iJG(H) is not a Dt1(ml, . .. , ml )-laltice. 
(4) If I is prime and IPI = 3 then either 
(a) G A, I 5, iHI = 2, (fA(H) ~ M4 * T2 or 
(b) each proper overgroup of H is intransitive and CG(H) == M3 or M2 * T2. 
Proof First note that IPI 3 or 4. As H = Co(P) by Lemma 4.1, it follows that 
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(*) if M is a maximal transitive but imprimitive member of (!)c(H), then for some 
block D of P, H < NM(D). 
(I) Let Y {Q E;'?}' : Q ~ Pt. If Pis of type 2, ,3 and G A, then H = I, and one 
can check that (I) holds. Therefore we may assume that this is not the case, so that 
Y fh, and hence H acts transitively on each member of P and Co : Y ---l- (lJG(H) is 
an injective dual map of posets by Lemma 4.2. It follows that 
(**) each maximal intransitive member of Cc(H) is contained in Co( Y)' and as Y is 
clearly connected, the poset of intransitive members of (~c(H)' is connected. 
Therefore by ( ... ), 
(*u) the subposet consisting of the imprimitive members of (!)c(H)' is connected. 
Now if P does not have a block of size greater than 2, then using ( ..... ) and a 
knowledge of the primitive permutation groups of degree at most 8, one may verify 
directly that (a) holds. Hence we may assume that P has a block of size at least 3, so 
by Lemma 3.1, H has a 3-cycle and hence (!)c(H)' has no primitive members. There-
fore, by (u*), (a) holds, so it remains to prove (b). 
Suppose that I is prime and that G = S. Then H = Cs(P) contains a transposition, 
so by Lemma 3.1, each member of t's(fl)' is intransitive. Therefore by (u )', for each 
block D of P, there is no maximal member M of (;s(H) such that NM(D) = H, so (b) 
holds. 
(2), (3) and (4) If IPI = 4, then (2), (3) and (4) hold by (I). Therefore, we may as-
sume that IPI 3. Let P = {X" X2 , X3}. Now II acts transitively on each member of 
P, and hence 
(i) the maximal intransitive members of (I)c(H) are the subgroups NG(Xi), and by 
Lemma 4.1, for i, j distinct we have H = NG(Xi ) n Nc(J)). 
Let I ~ i ~ 3 and let {j,k} {L 2, 3} - {i}. We claim that 
(ii) one of the following holds: 
(I) 1..\)1 IXkl and f,'NdX;)(H) ~ T1; 
(Il) IXil '" IXkl and H is maximal in NG(Xi ). 
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To prove this we note that Cc(.tj U Xk ) is the kernel of the action of Nc(X) on 
.tjUXk and Cc(X;UXk) ~ H, so (!)No(x,)(H) ~ (!'NG(X,) KjUX, (HxjuX,), and the claim 
holds by Theorem 3.2. 
(3) Let I ~ i ~ 3 and suppose that IX,·I =/; 1/2. Then by Theorem 3.2, Nc(Xj) is 
maximal in G. Now by (ii), f!JNG(x,)(H) ~ To or TI, and (3) holds in each case. 
(4) If.P is of type 22, I and G = A, then IHI = 2 and using (ii), it is not hard to 
show that (a) holds. Therefore, we assume that this is not the case, so that H contains 
a 3-cycle and hence by Lemma 3.1, every member of f!Jc(H) , is intransitive. Then as 
I is prime, P must have a pair of members with distinct orders, so by (i) and (ii), (b) 
holds. 
(2) Suppose that (!Jc(H) :;;; M". Then by (.), (!)c(H) does not have any transitive 
but imprimitive members. If P does not have a block of size greater than 2, then 
using (4) and a knowledge of the subgroups of A6, one may show that (!)c(H) is not 
an M -lattice, a contradiction. Therefore, P has a block of size greater than 2, so that 
H contains a 3-cycJe and hence (!Jc(H)' has no primitive members. Therefore, each 
member of(l)c(H)' is intransitive, so (2) holds by (i). 0 
5 Transitive actions of prime degree 
Lemma 5.1. Assume that I = p is prime and let G be a non-abelian simple subgroup of 
S. Then G is isomorphic to exactly one of the following groups and S is transitive on its 
transitive subgroups isomorphic to G: 
(a) A; 
(b) PSLd(q) where d E.IN and q is a prime power such that (qd - I )/(q - I) = p; 
(c) PSL2(1l); 
(d) M 23 ; 
(e) Mil. 
Proof See [9, Theorem I and the following remark]. Note that the fact that G has 
one quasi-equivalence class of representations of degree p implies the transitivity by 
Lemma 3.3. 0 
In view of case (b) in Lemma 5.1, it is of interest to know when (qd - I )/(q - I) is 
a prime, where d E .IN and q is a prime power. 
• Lemma 5.2. Let r be a prime and b be a positive integer. One of the follOWing holds: 
(a) there is a prime of I rh - 1 with s,r rO - 1 for (" < b; 
(b) r = 2 and b = 6; 
(c) r is a Mersenne prime and b = 2. 
Proof See [14]. 0 
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Lemma 5.3. Let q = rm be a prime power and dE IN. /f(qd - I)/(q - I) is prime, then 
d is prime, d.,j' q - 1, and m is a power of d. 
Proof. For a E IN such that aid we have (qa - I)/(q - I) I (qd - I )/(q - I), and hence 
d is prime. If dlq - I, then q = I (modd) and hence d divides LO';:i.;:d-1 qi = 
(q"-I)/(q- I), a contradiction. Therefore, d.,j'q-I, and it remains to show that 
m is a power of d. 
Assume the contrary, and let m = dia, where i ~ 0, a> I and (a,d) = I. By 
Lemma 5.2, we may assume that there is a prime s such that i has order d i+1 in 
(71/s71) x . In particular, as q = rd'a, we have s I qd - I and s.,j' q - I. Therefore, as 
(qd _ I)/(q - I) is prime, (qd - l)/(q - I) = s I rd'H - I, and so 
This contradicts the fact that ad > a + d as a> 1. Therefore, m is a power of d. 0 
Lemma 5.4. Let q be a prime power and let d E IN. Then 
(I) (qd - I)/(q - I) -# 11,23; 
(2) (qtl - I)/(q - I) = 13 if and only if (q,d) = (3,3); 
(3) (qd - J)/(q - I) = 31 ifand only if(q,d) = (2,5) or (5,3). 
Proof This is straightforward. 0 
Lemma 5.5. Assume that I is prime. Let H < G ~ S be almost simple with A 1; G. 
Then soc(G) = soc(H) unless p = II, H ~ PSL2(11) and G ~ MIl' 
Proof. See [l2l in conjunction with Lemma 5.1. 0 
Lemma 5.6. Let V be a finite-dimensional vector space over a finite field Assume that 
n is the set of points of PG( V). Let L = PSL( V) and let r = prL( V). Then 
(I) Ns(L) = r, and 
(2) Ns(r) = r. 
Proof (I) Let a be the transpose-inverse automorphism of L. Then by [7, Theorem 
2.5.12], Aut(L) = G(a), where G is the image of the action of r on L by con-
jugation. Hence by Lemma 3.3 we have G ~ N, where N is the nonnalizer in 
Aut( L) of H L, where H is a point stabilizer in L. Now if d = 2, then a E G 
and r ~ G = N ~ Ns(L) by Lemma 3.3, and if d > 2, then a maps the stabilizer 
of a point in L to the stabilizer of a hyperplane in L, and hence a ~ N. Therefore, 
N = G ~ r, so by Lemma 3.3, r = Ns(L). 
Now note that (2) follows from (I) and the fact that L is characteristic in r. 0 
For the remainder of the section, assume that 1= p is prime. 
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Lemma 5.7. If G < A is non-abelian and simple, then Ns(G) < A and if G ~ M23 or 
Mil or PSL2(J I), then Ns(G) = G. 
Proof The group G is listed in one of the cases (b)-(e) of Lemma 5.1. By [5], if 
G ~ M23 or Mil, then G ~ Aut(G), so G = Ns(G) by Lemma 3.3. This completes 
the treatment of cases (d) and (e). 
Assume that G ~ PSL2( II). Then there are two classes of subgroups of G of 
index' II, which are fused in Aut( G), so [Aut( G) : N s( G)] 2 by Lemma 3.3. 8y 
[5J, [Aut(G): GJ = 2, so G = Ns(G), completing the treatment of (c). Hence we 
may assume that G is of type (b) of Lemma 5.1. 
8y Lemma 5.6, Ns(G) ~ prLa(q), so INs(G)/GI = m by Lemma 5.3. If d is 
odd, then m is odd by Lemma 5.3, so Ns(G) < A as G < A. Therefore, as d is prime, 
we may assume that d = 2. As q + 1 is prime, q = 22" for some a E IN. Hence 
prL2(q) PSL2(q)<t>, where <I> denotes the group of automorphisms of PGl (q) in-
duced by Aut(lFq). Therefore, it suffices to show that the generator (J of <I> acts as 
an even permutation on the points of PGI (q). 
View IF~ as the vector space of ordered pairs of members of IF q. Then each point 
< (I ,Ii) > of PO I (q) belongs to a cycle of (J of length 2 r, where r ~ a is minimal sub-
ject to p E 1F2!,. Therefore, for 2 ~ 2T ~ 2°, there are exactly (l1F;2'1 IIF;,r 1 1)/2 T = 
22'r 22' "'T cycles of length 2T in the cycle decomposition of a. Hence as a ~ 2, (J 
has an even number of cycles of even length, and hence is an even permutation. 0 
Lemma 5.S. Suppose that G < S is affine and let H = G n A. Then 
(I) G is maximal in S, and 
(2) exactly one of the following holds: 
(a) p;/; 7, II, 17 \ 23 and H is maximal in A: 
(b) p = 7 or 17, and (f)A (H)' £; r S , where r isaprojective semilinear subyroup of A; 
(c) p 23, and (!IA(H)' £; MS for some M < A such that M ~ M 23: 
(d) p II, and H ~ L ~ M for some L,M ~ A such that L ~ PSL2(1l) and 
M ;;: MII;jurthermore, (QA(H)/ £ L S U MS. 
Proof. This follows from [12, Table Il, and the transitivity statements in Lemma 
5.1. 
Lemma 5.9. For all transitive subgroups G of S, exactly one of the fol/owing holds: 
(I) G is a subgroup of an qffine subgroup of S; 
• (2) G is almost simple, and exact~v one of the followiny holds: 
(a) G = A or S; 
(b) G ~ Mil, MZ3 or PSL2 (1l): 
(c) PSLd(q) ~ G ~ prL,,(q) for some dE IN and some prime power q such that 
(qd _ I)/(q 1) = p. 
Proof. This follows from two results of Burnside (see [6, Theorem 3.5B, Corollary 
3.58, Theorems 4.IA, 4.IB}), along with Lemmas 5.1,5.6 and 5.7. 
Subgroup lattices of alternating and symmetric groups 127 
As I is prime, each transitive subgroup of S is primitive on Q. Hence the following 
1emmas follow from Lemmas 5.9, 5.8, 5.5, 5.7 and Theorem 3.2. 
Lemma 5.10. A subgroup G of S is maximal in S if and only if one of the following 
holds: 
(1) G=A; 
(2) G is affine; 
(3) G = Ns{B) for some set B with 0 # Be Q. 
Lemma 5.11. A subgroup G of A is maximal in A if and on(~' if one of the following 
holds: 
(1) G;;;;; Mil, M23, or G ;s projecth'e semi/mear; 
(2) G::: A n K, where K is affine and p #; 7, Ii, 17,23; 
(3) G "" NA (B) for some 0 #; Be Q. 
6 The overgroup lattice ~s(H) 
The notation with n, I, S and A and the assumption that 1= p> 3 is prime are in 
force throughout this section and the remainder of the paper. 
Lemma 6.1. Let G be an affine subgroup ofS. Then every intransitive subgroup QfG is 
cyclic and stabilizes a point. 
Proof Let X ~ G be intransitive, and let K be the subgroup of G of order p. Then as 
XnK I we have 
X;;;;; X/(XnK) ~ XK/K ~ G/K;;;;; Zp-l, 
so X is cyclic. Also as K is the Frobenius kernel of the Frobenius group G and 
X I:. K, X stabilizes a point. 0 
Lemma 6.2. If H ~ K ~ Sand K is transitive on H S n K, then Ns(H) t~ transitive on 
<1 {L E (I}s(H) : LEKs}, and 1<11 = [Ns(H) : Ns(H) n Ns(K)J. 
Proof. Let L E <1 and choose XES such that KY: = L, and k E K such that 
Hk !I' I. Then K xk (Kk)"" = Land llxk = (Hkr' = H, so xk E Ns(ll) 
and hence Ns(H) is transitive on <1. Therefore, by the orbit-stabilizer lemma, 
1.11 = [Ns(H) : Ns(H) n Ns(K)]. 0 
Lemma 6.3. Let G ~ S be affine and let W E fi Then there are exactly ¢(p 1) = 
[Ns { Gw ) : Gwl affine subgroups of S that contain Gw , where ¢ is the Euler phi~lunction. 
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Proof By 6.2, the number of affine subgroups of S that contain Gw is 
[Ns(Gw ): Gwl. Let G," = (y). As y is a (p - I)-cycle, Ns(Gw) acts transitively on 
the t/J(p - I) conjugates of y E Gill' so [Ns(Gw ) : CsCv)l = t/J(p - I). Now as the num-
ber of (p - I)-cycles in S is p!/(p - I), we have ICs(y)1 = ISI(p - I)/p! = p - I. 
Therefore, INs(Gw)1 = t/J(p - I)(p - I), so [Ns(Gw) : Gwl = t/J(p - I). 0 
Lemma 6.4. If H is a transitive subgroup of an affine subgroup G of S, then 
G = Ns(H). 
Proof Let K be the subgroup of G of order p. As H is transitive, K ~ H. If WE il 
then G = G",K, so H = HwK. As Gw is cyclic, Hw::s! Gw , so H = HwK <l GwK = G. 
Therefore G = Ns(H) by the maximality of G, completing the proof. 0 
Lemma 6.5. Let G be an affine subgroup of S and let H = G n A. Then exactly one of 
the following holds: 
(I) p if {7, II, 17.23}, (!,)A(H) ~ To, and (!)s(H) ~ M2; 
(2) p = 7 or 17 or 23, (!)A(H) ~ M2, and ~;s(H) ~ M2 * T1; 
-(3) p = J I, 6A(H) ~ T2 * T2, and (!)s(H) ~ T2 * T2 * Tl. 
Proof By Lemma 6.4, G is the unique affine member of (['s(Jf), and hence by Lemma 
5.10, .1/ = {G,A}, where J( is the set of maximal members of f-s(H). Note that as 
H is maximal in G, we have 
(.) (!)s(H) ~ d!A(H) * T\. 
Now we claim the following: 
( .. ) Let D = Ns(R) for some non-abelian simple group R < A. If H ~ D, then 
IDs n (fis(H) I = 2. 
For the proof of the claim let K be the Frobenius kernel of G. Then by 
Lemma 6.4, G = Ns(K) = Ns(H) and hence H = NA(K) = ND(K) by Lemma 5.7. 
Hence as K is a Sylow subgroup of D, H S Il D = HD. Therefore, by Lemma 6.2, 
IDs n f'Js(H) I = [G: HI = 2, and so ( .. ) holds. 
If p if P, 11, 17, 23} or if p E {7, 17, 23}, then it follows from Lemma 5.8, ( .. ) and 
(*) that (I) and (2) hold respectively, so we may assume that p = II. 
By [5], LSnM = LM, so by Lemmas 5.7 and 6.2 we have IMS n6s (L)1 = 1. 
• Therefore, by (.), ( .. ) and Lemma 5.8, (3) holds, and the proof is complete. 0 
Lemma 6.6. If H = NA(B) for some non-empty Be il, then (!)s(H) ~ M2. 
Proof Recall that p > 3, so Ns(B) is the unique maximal intransitive member of 
(9s(H). and H contains a 3-cycle, so A is the unique transitive member of (!)s(H)' 
by Lemma 3.1. The lemma now holds by Lemma 5.10. 0 
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Lemma 6.7. Let G ~ S be affine and let H = Gmfor some WEn. Then 
where ¢ is the Euler phi-function. 
Proof By Lemma 5.10 we have J(= {S",}U(Gsn(Os(H)), where.1t is the set of 
maximal members of (l)s(H). The lemma now fol1ows from Lemma 6.3. 0 
Theorem 6.S. For H ~ S, C!'s(H) is an I-lattice if and only if exactly one of the follow-
ing holds: 
(1 )(a) (9s(H) ~ M2; 
(b) (9s(H) ~ M2 * TI; 
-(c) (!;s(H) ~ T2 * T2 * TJ; 
(2) ~s(H) ~ M3 or M2 * T2; 
-(3) (f)s(H) ~ M,p(p_ I) * '2(p - I), where ¢ is the Euler phi-function. 
Proof Let H ~ S such that (!'s(lI) is an I-lattice and let .It be the set of maximal 
members of Cs(H). Then as f!'s(H) is an I-lattice, by Lemma 5.10, one of the follow-
ing holds: 
(I) H = cnA for some affine G ~ S; 
(II) H = NA(B) for some set B with 0 * Be Q; 
(III) H = Ns(B) n N s( C) for some non-empty sets B, CeQ such that B; {C, C}; 
(IV) H = Gn M for some affine G ~ S and some M E {Ns(B) : 0 * B c Q} U GS. 
In case (I), (I) holds by Lemma 6.5, and in case (II), (I)(a) holds by Lemma 6.6. In 
case (III), (2) holds by Theorem 4.3, so we may assume that (IV) holds. Then by 
Lemmas 6.1 and 6.4, we have H = Sev n M2 for some M2 E.At and some WE Q. 
Therefore by Lemma 5.10 and our analysis of case (III), we may assume that 
H = Lev for some affine L ~ S. Therefore (3) holds, by Lemma 6.7. 0 
Theorem 6.9. For n E IN, the following are equivalent: 
(I) there exists a set Q of prime order and a subgroup H of S = Sym(Q) such that 
(f)s(H) ~ Mil; 
(2) I ~ n ~ 4. 
Proof This follows from Theorem 6.8 and the fact that the lattice of subgroups of S3 
is isomorphic to M 4 • 0 
7 The overgroup lattice (9 A(H) 
The notation with Q, I = p > 3, A and S is in force throughout this section. 
130 P. Perepelitsky 
Lemma 7.1. Let M be a transitive subgroup of A and let H = NM(B), where B is 
a proper non-empty subset of n such that IBI ~ 3. If HB # Sym(B), then H is not 
maximal in NA(B). 
Proof. As M is transitive, M an~ hen~ H does not contain a 3-cycle by Lemma 3.1. 
Therefore, H < {x E NA(B) : x B E HB} < NA(B), and hence H is not maximal in 
. NA(B). D 
Lemma 7.2. Suppose that p = II and let H ~ A. 
(I) If H = M'l for some M::::; A such that M;;: Mil and some (l E n, then 
(!)AH);;: M]. 
(2) If H;;: PSL2(II), then (9A (H) ~ MI. 
Proof (I) Note that H =: MIO and hence by [4], we have PSL2(9) ;;: H' char H. By 
Lemma 5.6, Ns(H') ;;: prL2(9), so [Ns(H') : H] = 2 and Ns(H) = Ns(H'). Also 
soc(H) = H' ;;: PSL2(9) and as [Ns(H'): H] = 2 and Ns(H') f;: A we have 
H = NA(H'). Hence by [12], H is maximal in A'l;;: AIO. Therefore as H is transitive 
on n - {a}, A., is the unique maximal intransitive member of ((IA(H), while by 
Lemmas 5.4 and 5.11, each maximal transitive overgroup M of H is isomorphic to 
Mil. Therefore, by Lemma 6.2, (!'A(H);;: MIT, where n = 1+ [Ns(H): H] = 3. 
(2) By [5], H ::::; M;;: Mil and all copies ofPSL2(11) contained in M are conjugate 
under M. The result now follows from Lemmas 5.7,5.11 and 6.2. D 
Lemma 7.3. fl p = II, then for n E IN, there exists a subgroup H < A such that 
(!'A(H);;: M" i/andonlYifn= lor3. 
Proof By Lemma 7.2, for n = 1,3, there exists a subgroup H::::; A such that 
(!!A(H) ~ Mn, so it remains to prove the converse. Suppose that H::::; A and 
(!!A (H) ;;: Mn for some n E IN. If H is transitive, then by Lemmas 5.4, 5.9 and 5.11, 
either H ;;: PSL2(l1) or H is contained in an affine subgroup G. In the first case, 
(!'A(H) =: MI by Lemma 7.2. In the second case, Lemma 5.8(d) shows that 
GnA < L < M < A for suitable subgroups L, M of A, so @A(H) is not a lattice 
Mn. Thus we may assume that H = NM(B) for some non-empty set Ben and 
some maximal overgroup M of H. By Theorem 4.3, we may assume that M is tran-
sitive on n, so M is Mil by Lemmas 5.4 and 5.11. 
By Lemma 7.1, we have IBI # 3 as 8!,r IMI and IBI # 4, 5 as M is sharply 4-
transitive, so that M is faithful on B, and hence of order at most 5!. Therefore, we 
may assume that IBI ::::; 2. If IBI = 2, then H is isomorphic to a subgroup of index 3 
'in AGL2(3) and hence H is not maximal in NA(B) =: S9, a contradiction. Therefore, 
IBI = 1, and the lemma holds by Lemma 7.2. 0 
Lemma 7.4. Suppose that p = 23 and let H ::::; A. 
(I) If (: A (H) ;:;: M n for some n E IN. then n E {I, 2, 3}. 
(2) ((,'A(H) ;;: M2 if and only {lH = Gn A for some affine G::::; s. 
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Proof By Lemma 6.5, (.iA(H) ;;;;;: M2 if H = Gn A for some affine G ~ S, so it 
remains to prove the converse and (1). Suppose that (!)A(ll) ;;;;;: Mn for some n E N. 
By Lemmas 5.4 and 5.11, 
(*) each maximal transitive subgroup of A is isomorphic to Mn. 
Thus if H is not in any copy of M~3 in A, then n = I or H = NA(B)nNA(C) for 
some non-empty sets B, C c: n such that B If: {C, C}, and by Theorem 4.3 we have 
n = 3. Hence we may assume that H ~ M for some M ~ A such that M;;;;;: M23. 
If H is transitive, then by Lemmas 5.4, 5.8 and 5.9, we have H = G n A for some 
affine G ~ 8 and then (!iJ/(H) ;;;;;: M2 by Lemma 6.5. Hence we may assume that 
H = NM(B} for some non-empty set B c: n with IBI ~ 23/2. 
As ] 2! t iMI we have I BI ~ 2 by Lemma 7.1. If IBI = 2, then H is isomorphic to a 
subgroup of index 3 in prL3(4}, and hence H is not maximal in NA(B) ;;;;;: 821, a con-
tradiction. Therefore B {IX} for some :x E n, so H is transitive on n - {IX}. Thus by 
(*), f!iA(H)' s; {A~} U MS. As H is maximal in A~ we have H = NJ/(H), and so as 
Ns(H) ¥;. A and [Aut(H) : HJ 2 by [1, Lemma 18.8], we conclude from Lemmas 
5.7 and 6.2 that n = 3. 0 
Lemma 7.5. Suppose that q = rn; is a prime power and dE lN, and suppose that 
(qd _ I )/(q - I) = P is prime. Then (p - 1 }/2md is prime if and only if (q, d) = (2,5) 
or (5,3) or (3, 3). 
Proof Suppose that (p - I) /2md is prime. By Lemma 5.3, d is prime, d t q - I, and 
m = d i for some i ~ O. Next note that 
Now as d is prime, either 
(1) (q,d) = I, or 
(II) dlq. 
Suppose that (l) holds and q is odd. Then d ::f. 2, so that d is an odd prime, and 
hence (qd-I - 1 }/(q - l) is even; and by (.) and (I), we have 
and q is prime. Therefore, m 1 so that i 0 and 
(u) 2d - 1 = '£.1t;;it;;d-2q i. 
By (**), 2d - 1 ~ q(d 2). Therefore as q is odd and prime to d =1= 2, it follows 
that that d = 3 and q 5, and the lemma holds. 
Now assume that q is even. By (.) and (J), we have d i+1 I (qd-l - l)/(q - I) and 
q(qd-I _ 1)/2(q l)dHI is prime. Hence. either 
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(I)(A) q/2 = I and (qd-l - I)/(q - l)d i+1 is prime, so q = r = 2 and hence m = I 
and i = 0, or 
(I)(B) (qd-I -1)/(q-l)d i+1 = I andq/2isprimesoq=4. 
If (I)(B) holds, then d = 2 as m = 2, and so (d, q) =;t:. 1, a contradiction. Therefore 
. (1)(1\.) holds, and (2d- 1 - I)/d is prime, so as (d,q) = 1, d is odd and 2dl - I = 
(2(d-llj2+1)(2(d- ll/2_1) is a product of primes. Therefore (d-I)/2=2 and 
d = 5, so that the lemma holds and hence we may assume that (II) holds. 
As (qcl-I_I)/(q_l) #2, by (*), d i+1 =q and (qd-I -1)/2(q-l) is prime. 
Therefore, i + I = d i so that i = 0 and hence d = q and (dd-I - I )/2(d - 1) is 
prime. Thus d is odd, so that (dd-I - I)/(d - I) == 0 (mod4). Hence 
(dd-I-I)/ (d-I) =4, 
so that d = 3 and the lemma holds. D 
Lemma 7.6. Let d E IN and q = rm be a prime power with (qd - I)/(q - I) = p. Let r 
be a subgroup o/A such that r ~ prLd(q), let K E Sylp(r) and let H = Nr(K). Then 
(I) IHI = pmd. 
(2) If p = 13 or 31, then (lJA(H) ~ M(p-I)/d+1 = Ms, M7 or Mil. 
Proof Note that by [10, (4.33)], H is the projective image of a subgroup of GLd(q) 
isomorphic to rLl(qd), and so IHI = pmd. Hence it remains to prove (2), so we may 
assume that p = 13 or 31. By Lemma 5.4 we have (q,d) = (3,3) if p = 13, and 
(q,d) =(2,5) or (5,3) if p= 31. In particular m= I and (p-I)/2d is prime by 
Lemma 7.5. 
Let.1t be the set of maximal members of (9A(H). If H ~ r 2 ~ A and r 2 is isomor-
phic to prLds) where s = a" is a prime power, then as m = I = b, by (1) we have 
pd = IHIIINr1(K)1 = pk, so d = k and q = s. Therefore by Lemmas 5.11 and 
6.4, .,11 = {NA(K)} U (rs n (lJA(H)). Now by [10, (7.3.4)], H is maximal in r, and 
[NA(K) : H] = (p - 1)/2d, and so [NA(K) : H] is prime by an earlier remark. Thus 
H is maximal in NA(K). Therefore, (GA(H) ~ MI.", and it remains to show that 
IP'ln((}A(H)1 = (p -1)/d. But as H = Nr(K) and K is a Sylow subgroup of r, we 
have (H S n r) = H r , so by Lemma 6.2 we have 
irS n £1: A (H) I = [Ns(K) : Nr(K)] = (p - I)/d, 
and (2) holds. 0 
Lemma 7.7. Suppose that p=;t:.7,17, and that H~A is transitive and H~Gnr 
for some affine subgroup G 0/ S and some projective semilinear subgroup r ~ A. If 
((,A(H) ~ Mn then n E {5, 7,II}. 
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Proof By Lemma 6.4 we have H = NdK), where K is the Frobenius kernel of 
G. By Lemma 5.4, p '# II or 23. Then as p '# 7, 17, the subgroup G n A is maximal 
in A by Lemma 5.[1. Thus as C'A(H) ~ Mn, H is maximal in GnA. Therefore as 
(GnA)/K is cyclic, [GnA : H] is prime. Now IHI = pmd by Lemma 7.6, so that 
[Gn A: H] (p I )/2md, and hence (p - I )/2md is prime. Then by Lemmas 5.4 
and 7.5 we have p 13 or 31, and so n E {5, 7, II} by Lemma 7.6. 0 
Lemma 7.S. Let V be a 3-dimensional vector space over a finite field of order 2. Let 0 
be the set olpoints of the projective geometry PG( V). Let r = prL( V) = PSL( V), let 
AS;; 0 be a line (J{PG( V), and let H = NdA). Then f!jA(H) == M 2• 
Proof Let ;~ denote the set of lines of PG( V). Then the ordered pair (0, a1) is the 
projective plane of order 2 and r = Aut( (0, :M». It is well known that 
(i) H == S4 induces Sym( (J) on 0 E {A,.1.} and H is transitive on f!I {A}. 
Let "If be the set of maximal members of tA(H). As [r: H] = 7, and 
[NA(A): H] 3, H is maximal in rand NA(A). Therefore by Lemma 5.11 and 
(i) we have.1t (rs n (f)A(H)) U {NA(A)} and (JA(H) ~ Mj.h'!, so it remains to 
show that IrS n iPA(H)/ I. Hence it suffices to show that if &If s;; nand (U,.s1J i ) 
is the projective plane of order 2, then ;11 = 31' . 
By (i), CH(A) = 02(H), the unique maximal norrnal2-subgroup of H, and so A 
Fix(02(H)). Let.1 be the set of involutions in H - 02(H}. Let BE fJI- {A}. By (0, 
INH(B)I = 4, SO as H :::; A, H stabilizes A, and B contains a member of A, NII(B) is 
not trivial on B. Therefore, ICH(B)I 2, so B = Fix(i) for some i E . .1. As H acts on 
{J} and every member of ~ contains a member of A, we have Fix(i) E .s1J for all i E ..f. 
Therefore, .:}4 {Fix( 02(H)} U {Fix(i) : i E f} = {.JII, and so the lemma holds. 0 
Lemma 7.9. (f H ::::: Co for some projectit'l' semi/mear prLd(q) ~ r and some WEn, 
and if CA (H) ~ M,,, then n 2 or 3. 
Prol'J.{ If d ;?: 3, then r is the automorphism group of a projective geometry over IF q, 
so by the maximality of H in Am we have H = N ... ,.(1:), where 1: is a partition of 
n - {w} into (p - I) I q blocks each of size q, and in particular H stabilizes no other 
non-trivial partition of n {w}. On the other hand, if d :::; 2, then H is 2-transitive 
and hence primitive. Thus we conclude that if H ::;; r 2 for some prLk(s) ~ r 2 ::;; A, 
then (k,s) (d,q). 
Therefore, as r is 2-transitive, by Lemmas 5.4 and 5.1 I, we have 
So it remains to show that IrS n f!jA(H)/ ::;; 2. This follows from Lemma 6.2 and the 
fact that H = N ... (H) by the maximafity of H in Am, so that 
If V is a finite-dimensional vector space, and {Vi: I ~ i ~ n} is a set of points 
of V (i.e. J -dimensional subspaces of V), then we say that VI, ... , v" are linearly 
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independent (respectively, linearly dependent) if dimO::: i Vi) = n (respectively, 
dim(Li Vi) < n). 
umma 7.10. If H ~ A is intransitive, H ~ r for some projecTive semilinear 
PfL,,(q) :?;; f ~ A, and (9A(H) :?;; Mn, fhen n 2 or 3. 
ProD! By Lemma 5.1, f acts on n as on the points of the projective geometry 
PG( V) .. Let d = dim( V). By the maximality of H in r we have H = NdB) for 
some non--empty set Ben. Let ~ be the set of points in (B> and let e be the dimen-
sion of (B>. Then as H ~ Nr(~), one of the following holds: 
(I) H Nr(~) and ~ ¥ n so that!' < d; 
(II) ~=nsothate=d. 
Suppose that (I) holds. If HA ¥ Sym(A), then by Lemma 7.1, ~e have '~I I and 
by Lemma 7.9, we have n 2 or 3, so we may assume that HI'. ::::: Sym(A). Let R 
be the unipotent radical of the parabolic subgroup H. Then 
R :?;; RA .<:J HA Sym(A). 
so R is a non-trivial normal r-subgroup of Sym(A), where q = rnl. Therefore 
qe(q'/'/! _ I )/(q - t) = IAi 3 or 4, so (qdl! I )/(q I) = 1 and hence d e + 1 
and (q,d) = (3,2) or (2,3). But (q,d) '# (3,2) as (32 1)/(3 - 1) =4 is not prime, 
so (q,d) = (2,3) and by Lemmas 7.8 and 7.9, n 2 or 3. Hence we may assume that 
(II) holds. 
By symmetry between Band 8, we may assume that 
(.) 8 has d linearly independent points. 
Suppose that d > 3, and let VI, Vz, V} be linearly independent points of B. Then 
VI + V2 + V} has at least seven points, so by symmetry between Band 8, we may 
assume that 8 has four linearly dependent points, say V4, Vs, V6, V7 • As d > 3, by (*), 
8 h~s four linearly independent points, say WI, W2, W}, W4 . As f is projective semi-
linear, there is no member of_f that maps {V4 , Vs, V6, V7} onto {WI, W2. W3, W4}; 
so as H = Nr(B), we have HB '# Sym(8). Therefore by Lemma 7.1, OA(H) is not an 
M-Iattice, a contradiction. Therefore, either 
(II)(A) d = 3, or 
(II )(B) d 2. 
Suppose that (II )(A) holds. If q > 3, then any 2-dimensional subspace has at least 
six points, so we may assume that 8 has three linearly dependent points. Therefore, 
arguing as above, HB '# Sym(8), and so by Lemma 7.1, e'A(H) is not an M-Iattice, 
a contradiction. Therefore q ~ 3. If q = 3, then by (II)(A) we have p = 13 and 
f:?;; PGL3(3), so that 71.,( If! and hence by Lemma 7.1, (!iA(H) is not an M·lattice, 
a contradiction. Therefore t/ 2 and by Lemmas 7.8 and 7.9, n = 2 or 3, so we may 
assume that (11)(8) holds. Thus 
( .. ) d = 2, so p = q + 1 and hence by Lemma 5.3, q and m are powers of 2. 
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Assume without loss of generality that lEI ~ (p + 1)/2. By Lemma 7.9, we may 
assume that! 81 ~ 2, so either 
(i) iBI ~ 3, or 
(ii) IBI = 2. 
Suppose that (i) holds. Then by Lemma 7.1 we have HB = Sym(E), so as 
iHi ~ (p + \)/2, by (u), 
(q + 2)/2 = (p + I )/211f1 = mqp(p - 2), 
q and m are powers of2, and (q + 2)/2 = (p + 1 )/2 < p. Thus as (q + 2)/2 is odd we 
have ((q +2)/2,mqp) = I and hence (p+ 1)/2Ip - 2. Therefore, (p+ 1)/2 = 3, so 
p = 7 and q = 6, a contradiction. Hence we may assume that (ii) holds. 
As r is 3-transitive, NA(B) is the unique maximal intransitive member of 
(liA(H)' and by Lemma 6.1, H is not contained in any affine subgroup of S. Hence 
by Lemmas 5.4 and 5.11, (I)A(H)' ~ rSU{NA(B)}, and it remains to show that 
W'i n (r'A(H)1 ~ 2. As (iA(H) ~ Mn, H is maximal in NA(B), so that fJ = NA(H) 
and by Lemma 6.2, we have IrS n C;A(H)I = [Ns(H) : NA(H)] ::;; 2. 0 
Lemma 7.tt. If H ::;; Gn A for some affine subgroup G of Sand H is intransitive, then 
(fiA(H) is not an M-Iattice. 
Proof Assume that (!'A(H) ~ Mn for some n E N. By Lemma 6.1 and the maximality 
of H in G n A, we have H = G", n A for some WEn. As H is maximal in A w , 
NA(H) = H, so as H is characteristic in Gw , we obtain 
I Ns(G{I)) I ~ INs(H)1 ~ 21HI = IG(ol, 
contrary to Lemma 6.3. 0 
Lemma 7.12. For n E N, thefol/owing are equivalent: 
(1) there exist a set n of prime order and H ::;; A:=: AIt(n) such that (!}A(H) ~ Mn; 
(2) nE{I,2,3,5,7,1I}. 
Proof The implication (2) => (1) follows from Lemmas 6.5,7.3 and 7.6. 
(I) =:} (2) We may assume that n #0 I and by Lemmas 7.3 and 7.4, we may assume 
that p #0 11,23. Assume that H is contained in an affine subgroup G of S. Then 
by Lemma 7.11, H is transitive. If p:=: 7 or 17 then by Lemma 5.8 we have 
GnA < r < A, so as 0A (H) ~ M n , we have H = GnA. But then (2) holds by 
Lemma 6.5. Thus we may assume that p #0 7 or 17, and then by Lemma 7.7 we 
may assume that H is not contained in a projective semilinear group. Therefore by 
Lemma 5.11, each maximal overgroup of H is affine. Thus n = 1 by Lemma 6.4, 
a contradiction. Therefore we may assume that H is not contained in any affine 
subgroup of S. 
If H is transitive, then as p '# 11,23, by Lemma 5.9, H contains G ~ PSLd(q), and 
by Lemmas 5.5 and 5.1 t, N A (G) is the unique maximal overgroup of H, so n :=: I, a 
contradiction. Hence H is intransitive, so as H is not contained in any affine sub-
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group of Sand p'# 11,23, by Lemma 7.11, either H N ... (D) n NA ( C) for some 
non·empty sets D, C r:: n such that C ~ {B, B} or H is contained in a projective semi-
linear group of S. Thus (2) holds by Theorem 4.3 and Lemma 7.10. D 
Lemma 7.13. If H ~ A and (I) A (H) ;;;; M 2, then one of the following holds: 
(I) ·R = NdD) for some projective semilinear f ~ A and some proper non-empty sub-
set Bofn; 
(2) p E {7, 17,23} and H = GnA, where G ~ S is affine. 
Proof By Lemmas 7.3 and 7.4, we may assume that p '# 11,23. If H is intransitive, 
then as (!;A(H) ~ M2, the subgroup H is not contained in an affine subgroup by 
Lemma 7.11, and H is not an intersection of two set stabilizers by 4.3. Hence by 
Lemma 5.11, H is contained in a projective semilinear subgroup f, so by the maxi-
mality of H in f, (l) holds. Hence we may assume that H is transitive. 
If H is not contained in any affine subgroup of S, then as p ::f: 11,23 by Lemma 
5.9, we have PSL,,(q) ~ H ~ PfLd(q), and so by Lemma 5.5, (l)A(H) has exactly 
one maximal member, a contradiction. 
Therefore H is contained in an affine subgroup of S, so by Lemma 7.7 we have 
p = 7 or 17. Thus by Lemma 6.4 we have H ~ r ~ PSL3(2) or prL2(16). As H 
is maximal in r it follows that H = G n A, where G = Ns(H) is affine, so (2) 
holds. 0 
Theorem 7.14. For H ~ A, (!;A(R) is not a D/l(ml, ... ,m/)-iallice. 
Prool Assume that C A (H) is a D/l(ml' ... ,mf )-Iattice. First note that 
(.) for each connected component /l~/l(n) of (!JA(H), there are kn n(n 1)/2 
members of the third row of /l and for each such member L, (!J A (L) ~ M2. 
Next we claim that 
( .. ) H has at most two orbits on n. 
To prove this, assume that H has more than two orbits on n. Then there exist 
non-empty sets D, C c n such that D ~ {C, C} and H ~ K = NA(D) n NA ( C). Let 
P = PB.c. Now by Theorem 4.3, either IPI = 4 and eiA(K) is connected, or IPI 3 
and (l)A(K) is isomorphic to M3 or M2 * T2 or M4 * n. The latter three cases do not 
occur by (.), so IPI = 4 and (!JA(K) is connected. 
Clearly (OAK) has a member L in its third row, so by (.), we have (!JA(L) ~ M2 
and hence by Lemma 7.13, (!JA(K)' has a transitive member. Therefore, by Lemmas 
3.1 and 4.1, either P has type 2, 13 and K CA(P) I, or P has type 23, I and 
'IKI = 4. Now the former case does not hold, because H < K as (!JA(H) is not con-
nected. Therefore, P has type 23, I, IKI = 4, and H < K. 
Next note that for all non-empty sets D,R c n we have IN..., (D) n NA(R)I > 2, so 
H :f:. NA(D) n NA(R), and hence the subposet consisting of the intransitive members 
of {)A(H)' is connected. But by Lemma 5.1 I, for any maximal transitive member 
r ~ prL3(2) of (9A (H). we have H < r w for some WEn, so e'A(H) is connected, a 
contradiction. Therefore, ( •• ) holds. 
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Let Il ~ Il (n) be a connected component of (!iA (H), and let L" ... , Lk. be the 
members of the third row of Il. Then by Lemma 7.13, (.) and ( .. ), either 
(I) for 1 :s;; i :s;; k" we have L; = Nri(B) where f; :s;; A is projective semilinear and 
o *' B c: n, or 
(II) p = 7 or 17 or 23 and for some i E {I, ... , kn }, Li = G n A where G :s;; S is affine. 
If{I) holds, then NA(B) and r" ... ) rk. are k" + 1 > n distinct maximal members 
of Il, a contradiction. Therefore (II) holds. If H is intransitive, then H :s;; G(O n A for 
some WEn by Lemma 6.1, which contradicts ( •• ). Therefore H is transitive, which 
contradicts Lemmas 6.4 and 7.13. 0 
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